In this note, we expand on some technical issues raised in [1] by the authors, as well as providing a friendly introduction to and summary of our previous work. We construct a set of heterotic string compactifications to 0+1 dimensions intimately related to the Monstrous moonshine module of Frenkel, Lepowsky, and Meurman (and orbifolds thereof). Using this model, we review our physical interpretation of the genus zero property of Monstrous moonshine. Furthermore, we show that the space of (secondquantized) BPS-states forms a module over the Monstrous Lie algebras m g -some of the first and most prominent examples of Generalized Kac-Moody algebras-constructed by Borcherds and Carnahan. In particular, we clarify the structure of the module present in the second-quantized string theory. We also sketch a proof of our methods in the language of vertex operator algebras, for the interested mathematician. arXiv:1701.05169v1 [hep-th] 
Introduction
The Monstrous moonshine conjecture, initiated by a series of observations by John McKay and Thompson in the 70s and precisely formulated by Conway and Norton [2] , is the arena of some of the most fruitful cross-breeding between physics and mathematics. It motivated the development of several brand new areas in algebra, number theory, and group theory, such as vertex operator algebras and Generalized (Borcherds) Kac-Moody algebras. The intuition for many of these developments came from physics, in particular two dimensional conformal field theory (CFT) and string theory. The conjecture has been proven by Borcherds [3] , with some fundamental contributions by Frenkel, Lepowsky and Meurman (FLM) [4] , among others. While some of the tools used in the proof were explicitly inspired by CFT and string theory, the physical interpretation of many aspects of Monstrous moonshine remains mysterious. Our work [1] is an attempt to fill in this gap.
The moonshine conjecture can be formulated as follows. There exists a graded vector space V = ⊕ ∞ n=−1 V n , such that (1) each V n is a finite dimensional representation of the Monster group M (2) for each g ∈ M, the q-series (McKay-Thompson series)
Tr V n (g)q n , q = e 2πiτ , (1.1) converges on the upper half-plane H to a modular function under some discrete subgroup Γ g ⊂ SL(2, R), i.e.
(3) the group Γ g is genus zero (i.e., the compactified quotientĤ/Γ g has the topology of a sphere) and T 1,g is a Hauptmodul, i.e. it establishes a biholomorphic map fromĤ/Γ g to the Riemann sphere C ∪ {∞}.
In [4] , Frenkel, Lepowsky, and Meurman showed that V can be interpreted as the space of states of a chiral CFT (or holomorphic VOA) with central charge 24, whose automorphism group is the Monster group M. The McKay-Thompson series are therefore interpreted as 'twined' partition functions
where L 0 is the Virasoro generator. In physics, T 1,g is given by a path integral over a torus with modular parameter τ with the fields obeying g-twisted periodicity conditions along one of the cycle of the torus. From a physicist's viewpoint, it is then natural to expect T 1,g to be invariant under the subgroup of SL(2, Z) that respects these periodicity conditions, due to the invariance of the theory under some large conformal transformations on the torus. In fact, one can also consider more general twisted-twining partition functions
for each commuting pair g, h ∈ M, given by twisted periodicity conditions on two independent cycles on the torus. Here, the trace is taken over the g-twisted sector V g of the CFT. A generalized moonshine based on T g,h was proposed by Norton [5] . What singles out the Monstrous moonshine from analogous CFT constructions is the Hauptmodul property. A crucial point for this property to hold is that the groups Γ g ⊂ SL(2, R) contain, in general, elements that are not in SL(2, Z) and are therefore larger than the ones expected by purely CFT arguments -in general, CFT groups are not genus zero. The genus zero property was finally proved by Borcherds [3] , using the existence of a Generalized, or Borcherds, Kac-Moody algebra (GKM) with automorphism group M. The construction of the algebra is based on the FLM conformal field theory and is directly inspired by a bosonic string construction. However, a natural physical interpretation of the Hauptmodul property was not clear. In particular, there is no physical explanation of the elements of Γ g not contained in SL(2, Z) (Atkin-Lehner involutions).
In our work [1] , we propose a possible physical interpretation of the Monstrous moonshine conjecture in the context of heterotic strings. For each g ∈ M, we consider a certain heterotic string compactification to 0 + 1 dimensions. Each such model has a GKM algebra of 'spontaneously broken gauge symmetries', generated by certain BRST-exact states in the string theory. When g is the identity, this Kac-Moody algebra is exactly Borcherds' Monster Lie algebra. Then, we define supersymmetric indices Z g,1 (T, U ), depending on some moduli (T, U ) ∈ H × H of our compactification, and counting supersymmetric (BPS) states in these heterotic models. These indices are directly related to the McKay-Thompson series via the identity
(1.5)
In this context, modularity of the McKay-Thompson series under the groups Γ g described by Conway and Norton is simply a consequence of the invariance of Z g,1 (T, U ) under the T-dualities of the model. Furthermore, the Hauptmodul property of T 1,g follows from a careful analysis of the behaviour of Z g,1 at the boundary of the moduli space. In this article, after a quick review of [1] , we provide a detailed explanation of two key steps of this construction. First of all, we describe the explicit realization of the action of the GKM algebra on the BPS states contributing to the index Z g,1 . Furthermore, we provide an interpretation of the Atkin-Lehner dualities from the point of view of vertex operator algebras. The latter is one of the key point in our interpretation of the Hauptmodul property of Monstrous moonshine.
Our models
In this section, we outline the heterotic compactifications that will be our focus in the sequel. Details of the construction are provided in [1] . Begin by considering a compactification of the heterotic string to 1+1 dimensions. We choose the internal CFT of central charges (c,c) = (24, 12) to be the product V ×V s , where the former is the Frenkel, Lepowsky, Meurman (FLM) Monster module [4] and the latter is the Conway moonshine module described by FLM and studied in detail by Duncan [6] . The Monster module will be particularly relevant to our discussion, and we may think of it as a compactification of 24 chiral bosons on the Leech lattice, followed by an orbifold by the canonical Z 2 symmetry that negates all lattice vectors; see [7] for a physics discussion of this model. The partition function for the FLM theory is the famous modular J-function with zero constant term:
The Conway module largely plays the role of a spectator in our story, but we make use of the following properties: it has N = 1 supersymmetry, its Ramond sector has 24 ground states of conformal weight 1/2 with positive fermion number, and its NS sector has no fields of conformal weight 1/2. Intuitively, one may think of this relatively exotic-looking construction as an asymmetric Z 2 × Z 2 1 orbifold of a T 8 compactification, where we have tuned the moduli of the latter to the unique point such that the internal CFT factorizes in the desired way. It turns out that this model has (0, 24) space-time supersymmetry [8] .
More generally, we want to consider a set of orbifolds of this model, using an orbifolding procedure analogous to that used in the construction of CHL models [9] [10] [11] [12] . More precisely, we compactify the above model on an additional S 1 of radius R. We then orbifold the model by a Z N symmetry (δ, g), where δ is a shift by 1/N -th of a period along the S 1 and g is an order N symmetry of the Monster group, which acts on the FLM module. It turns out that the resulting CHL-like model only depends on the conjugacy class of g . If the element g does not satisfy the level-matching condition we can still construct consistent orbifolds of order N λ where λ > 1 measures the failure of level-matching; see [1, 13] for details of this slightly more subtle case. In the remainder of this note we will focus on the λ = 1 case for ease of exposition.
We mention in passing that these models have subtleties related to gravitational anomalies that are discussed in [1] ; to circumvent these difficulties, we will always work at zero string coupling, g s = 0.
Monstrous algebras
The Monster Lie algebra m was introduced by Borcherds in his proof of the Monstrous moonshine conjectures [3] , and its 'twisted' counterparts m g by Carnahan in his proof of generalized Monstrous moonshine [14] [15] [16] . Given the presence of certain string-theoretic ingredients in Borcherds' proof (e.g. the addition of lightcone directions and the use of the no-ghost theorem), it is natural to conjecture that these Generalized Kac-Moody algebras (GKMs) 2 would play a role in a full string theory uplift of the Monster module, as has been suggested in e.g. [15] 3 . We argue that the spacetime BPS states in our theories furnish a module over (or representation of) the associated GKM m g , similarly to the discussions in [24, 25] , and that m g plays the role of a spontaneously broken gauge algebra.
To understand this, let us start by considering ordinary first-quantized string theory. In particular, we want to understand the single string BPS states in our theories. We will 1 The Z 2 orbifold that is part of the construction of the Conway module flips the signs of the 8 rightmoving scalar superfields.
2 GKMs or Borcherds-Kac-Moody algebras (BKMs) are generalizations of (super)Kac-Moody algebras that allow for imaginary simple roots. The ones that appear in Monstrous moonshine are infinite dimensional examples of rank two. 3 GKMs have also been proposed, by Harvey and Moore, to be the structure relevant for studying algebras of BPS states in 4d N = 2 compactifications [17, 18] . See [19] [20] [21] [22] [23] for other interesting work elucidating the structure of algebras of BPS states.
focus on the unorbifolded theory, but the basic analysis will carry through for our orbifold models as well. Essentially, the superpartners of the BPS states turn out to be Q-exact with respect to the right-moving part of the nilpotent BRST operator. Moreover, massless BRST-exact states in string theory generate gauge transformations. In the context of our low-dimensional (0+1) compactification, this interpretation has subtleties, coming from the fact that we can no longer identify the mass of states with the momentum-squared, k 2 . However, since our BRST-exact states will always carry a non-zero momentum, we anticipate that we may roughly think of them as (behaving like) massive null states. These states will still generate an algebra that turns out to be isomorphic to m g and so we interpret m g heuristically as a spontaneously broken gauge symmetry. It would of course be interesting to understand if and when the gauge symmetry would be restored in our models, as in some appropriate tensionless limit of the string theory.
Let us now be slightly more explicit, referring as always to [1] for the many details we will gloss over. The BPS states are physical states in the Ramond sector with rightmoving momentum and conformal weight k 2 R = 0, h R = 1/2. Recall that, essentially due to the properties ofV s listed above, we will have 24 copies of any given BPS state and that our BPS states are fermionic. One can label the BPS state as |χ, i, α, k , with χ ∈ V of conformal weight h χ , i = 1, . . . , 24 denotes one of the 24 Ramond ground states ofV s , α denotes a Ramond ground state of positive chirality in the spacetime direction which is tensored with the state labeled by i, and the space-time momentum k which satisfies level-matching. Computing the action of spacetime supersymmetry on our BPS state, we find that its superpartner V (z,z)(written explicitly in [1] as an unintegrated vertex operator in the −1-picture) satisfies
for a certain operator W (z,z) given in [1] ; L, R denote left and right-moving parts of the full BRST charge. We next denote the integrated 0-picture form of V (z,z) as W χ and examine the consequences of inserting it into a string amplitude W χ V 1 V 2 . . . , where the V i are vertex operators associated with BPS states. We compute the action of this insertion on the vertex operators in the correlation function and find that it is given by the zero-modes of holomorphic currents V χ e ik L X L . These zero-modes generate precisely the Monster Lie algebra. We also see from the action of W χ on the single particle BPS states that the latter indeed form a module over this algebra. It is instructive to note that in Borcherds' proof of the Monstrous moonshine conjectures, m comes from studying the cohomology of a certain BRST-like operator acting on the vertex operator algebra given by V × Γ 1,1 , with Γ 1,1 the unimodular lattice of signature (1, 1) . In our model, Borcherds' operator is simply Q BRST L , and imposing levelmatching and right-moving mass-shell conditions forces the left-moving momentum k L to take values in a lattice isomorphic to Γ 1,1 . The left-moving mass-shell condition is then simply Borcherds' physical state condition.
We next want to examine the second-quantized version of our string model, where we allow an arbitrary number of fundamental strings and study the resulting Fock space. In order to ultimately understand the genus 0 properties of Monstrous moonshine, we will compute and study the supersymmetric indices of these second-quantized theories extensively in the sequel. For now, let us examine the algebraic properties enjoyed by the second-quantized spacetime BPS states. We have shown that each Monstrous orbifold model contains an infinite dimensional Lie algebra given by m g and each generator of the algebra has an associated 24 fermionic spacetime BPS states that form 24 copies of the adjoint representation. We now consider the free theory limit of the second quantized BPS Hilbert space H BP S as a Fock space built from fermionic oscillators (corresponding to our spacetime BPS states) acting on the vacuum 4 in all possible ways. If we focus on just one of the 24 copies, we may associate a fermionic mode η a to each a ∈ m g and derive the anticommutation relations
If we consider the usual triangular decomposition of our algebra m g = g − ⊕ h ⊕ g + we see, by defining the action of the oscillators on the ground state as η a |0 = 0, a ∈ g + ⊕ h, that the Fock space is isomorphic to g − and inherits the natural weight space grading from m g : H BP S = γ∈Γ H γ .
The action of the Monstrous algebras on BPS states
The space H BP S of BPS states contributing to the supersymmetric index is naturally isomorphic to g − . If instead of m g we were considering an ordinary Kac-Moody algebra, it would immediately follow that g − is an irreducible highest weight module for the algebra with the highest weight given by the Weyl vector [26] . For GKMs, it is unknown whether g − is a (possibly reducible) module. However, for the particular GKM algebras m g that are relevant for our construction, we are able to determine explicitly the action of the algebra on g − .
The construction is as follows. The algebra g has a two-dimensional Cartan subalgebra h and is graded by the natural weight lattice Γ ⊂ h * , g = ⊕ γ∈Γ g γ . It is endowed with an invariant non-degenerate bilinear form κ, such that, for any a ∈ g γ , κ(a, b) vanishes unless b ∈ g −γ . Since κ is invariant under the adjoint action of g on itself, one can identify g with a subalgebra of the orthogonal algebra o(κ), the Lie algebra associated with the orthogonal group preserving κ. Roughly speaking, g − can be interpreted as a spinor representation of this orthogonal algebra o(κ) and therefore of its subalgebra g. 5 In the rest of this section, we will make this idea precise for the infinite dimensional algebras we are interested in.
We start by defining the Fock space H BP S in a slightly different fashion than in [1] . We associate with each element a ∈ g a fermionic operator ξ a , satisfying the anti-commutation relations
This is simply the Clifford algebra associated with the bilinear form κ ab . In particular, since the Cartan subalgebra h is a two-dimensional real space with signature (1, 1), we can take a light-cone decomposition h = h + ⊕ h − into two one-dimensional null subspaces h + , h − , such that the corresponding algebra operators ξ + , ξ − satisfy
We stress that the operators ξ a are different from the operators η a defined in [1] , where all anti-commutators were set to zero. The precise relation is η a = ξ a (ξ − − ξ + ) for a ∈ g − and η a = 0 for a ∈ h ⊕ g + . Next, let us define a vacuum state |0 such that
and define a Fock space S by acting on |0 in all possible ways with the operators ξ a , a ∈ g − ⊕ h − . Finally, we introduce a 'chirality' operator (−1) J satisfying
and consider the eigenspace S + of (−1) J with positive eigenvalue, i.e. (−1) J |S + = +1. It is easy to see that the space S + is isomorphic to g − , and that the isomorphism
preserves the grading S + = γ∈Γ S γ + by the weight lattice Γ. The operator (−1) J should not be confused with the operator (−1) F := 1−2ξ − ξ + (that was called the fermion number in [1] ), acting on S + ∼ = g − by (−1) F a 1 ∧ . . . ∧ a n = (−1) n a 1 ∧ . . . ∧ a n .
(4.7)
The fermion number (−1) F will play a role in the definition of the second quantized index in section 5. Let us show that the space S + affords us a representation of the algebra g. Let Σ : g → gl(S + ) be the linear map defined by Σ(a) :
where κ bc denotes the inverse of the metric κ and ρ ∈ h * is a suitable weight. Notice that although the expressions (4.8) and (4.9) involve infinite sums, only finitely many terms are non-vanishing when acting on a state |ψ ∈ S + of definite weight γ. A direct calculation shows that
for all a, b ∈ g. Since the only operators commuting with all ξ a are the constants, (4.10) determines the operators Σ(b) for all b ∈ g up to constants. Eq.(4.10) also implies that
for some constants (a, b), because the left-hand side commutes with all ξ c , c ∈ g. In order to show that Σ is a representation of g, we need to show that, for a suitable choice of ρ ∈ h * , the constants (a, b) vanish for all a, b ∈ g. By (4.11), the constants satisfy
for all a, b, c ∈ g. Furthermore, if a ∈ g γ , (a, b) vanishes unless b ∈ g −γ , because only in this case the operator on the left-hand side of (4.10) preserves the weight of a state. Finally, if a, b ∈ h, then (a, b) = 0, as is clear by acting on |0 with the operator on the left-hand side of (4.11). By (4.12), if some x, y ∈ g − satisfies (x, a) = 0 = (y, a) for all a ∈ g + , then ([x, y], a) = 0 for all a ∈ g. Hence, a sufficient condition for (a, b) to vanish for all a, b ∈ g is that (a, b) = 0 for all a ∈ g γ , b ∈ g −γ and for all simple roots γ. Let γ ∈ Γ be a simple root and consider b ∈ g −γ and a ∈ g γ . Since γ is simple, we have On the other hand, we have
Therefore, vanishes identically if and only if the vector ρ satisfies
for all simple roots γ. This is nothing but the defining property of the Weyl vector. Therefore, assuming that the algebra g admits a Weyl vector, we proved that the space S + ∼ = g − , which is isomorphic to the space of BPS states, carry a representation Σ of the algebra g, with lowest weight the Weyl vector ρ. We stress that, in this proof, we used repeatedly the fact that the Cartan algebra h is two dimensional. We also assumed that a Weyl vector for the algebra g exists. Both these properties are satisfied for the Monstrous GKM algebras m g .
The second-quantized index
With the Fock space construction of the previous section in hand, it is natural to compute a supersymmetric index that provides a signed count of spacetime BPS states in the second quantized models. The results gleaned from these computations will prove crucial for our physics interpretation of the genus zero property in the following section. We can readily define the index in the unorbifolded model from the Fock space construction as
where F is the fermion number, (W, M ) are winding and momentum operators along the S 1 , and (T, U ) ∈ H × H are their associated complexified chemical potentials, which are functions of the radius R and the inverse temperature β. More precisely, they are
in terms of the real chemical potentials b, v conjugate to winding and momentum, respectively. For the orbifolded models, one can analogously define
where H g BP S is the space of BPS states of the orbifolded model (i.e. m − g , or g − in the notation of the previous section). Even more generally, for elements of the Monster h that commute with g one may define 'twisted-twined' indices One can motivate these expressions by starting with a trace over the full Hilbert space and using appropriate index arguments to show that the trace will localize to the subsector spanned by short multiplets. From the Fock space description it is straightforward to compute the answer first in the unorbifolded model,
where we have allowed for vacuum winding and momentum (w 0 , m 0 ) that need to be fixed by other means. Here, c(n) are the coefficients of J(τ ) = ∞ n=−1 c(n)q n . In the orbifolded case (considering as always g of order N and with λ = 1), one instead computes Z g,1 (T, U ) = e 24(2πi(m 0 U +w 0 T )) n>0 m∈Z 1 − e 2πiU m/N e 2πiT n 24ĉ(mn/N ) (5.6) where nowĉ(mn/N ) are the dimensions of the e 2πim/N -eigenspace of the g n -twisted sector V g n at level L 0 − 1 = mn/N 6 and we have defined
It will be instructive for us to compute the supersymmetric index by a different method, in particular as an appropriate one-loop integral which, among other things, makes the T-duality of the problem manifest. As before, we consider compactified Euclidean time with period β. This formulation endows T, U with an interpretation as the Kähler and complex moduli of the torus, respectively. We expect the index to take the form
and we moreover expect the index to be 1-loop exact since we are studying a free theory g s = 0. The one-loop contribution to the path integral is given by the usual integral over the modular fundamental domain F
Though there turn out to be subtleties implementing the GSO projection [1] , one can deduce that one recovers Z(T, U ) and its (twisted, twined) counterparts in this way. After evaluating the one-loop integral explicitly using standard techniques, one finds Notice that this result fixes the vacuum winding/momentum to be (m 0 , w 0 ) = (0, −1). As a final point, we notice that (the 24th roots of) these formulae are precisely the denominators for the Monstrous Lie algebras m g and one can compute the index directly in the algebraic formulation. In particular, in the language of section 3, W and M correspond to the generators Σ(µ) along two null directions µ ∈ h spanning the Cartan subalgebra h, and (w 0 , m 0 ) are the corresponding components of the Weyl vector ρ. This method enables us to reproduce for these algebras the twisted and twined analogues of the famous Koike-Norton-Zagier formula Z(T, U ) = J(T ) − J(U ), namely
We refer the reader to [1] for details. 6 More formally, they are coefficients of the discrete Fourier transforms of the generalized McKay-Thompson series: F l,k (z) = 1 N j∈Z/N Z e −2πi jk N T g l ,g j (z) =: n∈Z/N Zĉ l,k (n)e 2πizn .
A physics view on genus 0
Monstrous moonshine is the conjecture (now theorem, by Borcherds) that the McKay-Thompson series T 1,g are Hauptmoduln for some genus zero group Γ g . The relations (5.11)-(5.12) between the second quantized supersymmetric index and the McKay-Thompson series allow us to reinterpret the Monstrous moonshine in terms of properties of Z g,1 .
First of all, modularity of T 1,g is directly related to the invariance of Z g,1 under Tdualities. The automorphic properties of Z g,1 are manifest in its description (5.8), (5.9) in terms of the exponential of a 1-loop integral of the string model at finite temperature β. One may view this as a compactification of the heterotic on T 2 × V ×V s or orbifolds thereof, where the Euclidean time has period the inverse temperature β. For CHL models, the groups of T-dualities can be found in [1] and, more generally, in [27] , following the techniques developed in [13] . Roughly speaking, we study automorphisms of the lattice L of winding-momenta associated to the (orbifolded) T 2 , which will be a certain discrete subgroup of O(2, 2; R). For the case λ = 1, the lattice L of a Monstrous orbifold associated to a symmetry g of order N is spanned by
and we find that the group of automorphisms SO + (L) is generated by adjoining the so- Similar but more intricate results hold for the case λ > 1. In general, the group SO + (L) of T-dualities will relate a CHL model at one point in moduli space to a possibly different model with different values of the moduli. The subgroup G g ⊆ SO + (L) of the T-duality group that consists of self-dualities is particularly interesting for us. It is generated by Γ 0 (N ) × Γ 0 (N ) together with a subset of all possible Atkin-Lehner involutions. In particular, one must include (W e , W e ) for the exact divisors e such that the orbifold of V by g e has no currents. It is proved in [1] that in this case the orbifold V / g e is necessarily isomorphic to V . The index Z g,1 (T, U ) must be invariant (possibly up to some phase) under the action of the group G g of self-dualities. Given the relation (5.11) , this implies that the McKay-Thompson series T 1,g (T ) are invariant under the projection proj 1 (G g ) of G g ⊂ SL(2, R) × SL(2, R) onto the the first SL(2, R) factor. It turns out that these self-duality groups are exactly the groups Γ g predicted by the Monstrous moonshine conjecture. Modularity of T 1,g under the group Γ 0 (N ) ⊆ SL(2, Z) can also be derived by its description in terms of a 'twined' partition function in 2D CFT.
However, there is no way to understand the action of the Atkin-Lehner involutions in this picture. Therefore, our description provides the first complete physical interpretation of the modularity properties of the McKay-Thompson series. The Atkin-Lehner involutions play a crucial role in one the most surprising properties of Monstrous moonshine, namely the observation that the invariant subgroup Γ g is always genus zero (i.e., the compactified quotientĤ/Γ g is a sphere) and the McKay-Thompson series T 1,g is the generator of the field of meromorphic functions on this sphere (a Hauptmodul). Our construction provides a clean physical interpretation of this property. Let us sketch the heuristic idea behind this interpretation; we refer to [1] for the details. First of all, the Hauptmodul property can be reformulated as the claim the T 1,g (τ ) has only a single pole at τ → i∞ and at its images under Γ g . This automatically implies that Γ g is a genus zero group with Hauptmodul T 1,g , since T 1,g defines a one-to-one holomorphic map fromĤ/Γ g to the Riemann sphere C ∪ {∞}. In terms of the supersymmetric index, this is equivalent to claiming that Z g,1 (T, U ) 1/24 , seen as a function of T at some fixed U , has only one single pole at T → i∞ and its duality images, and is holomorphic elsewhere. Since G g always contains Γ 0 (N )×Γ 0 (N ), this amounts to claiming that Z g,1 , as a function of T , diverges at a given cusp ofĤ/Γ 0 (N ) if and only if the cusp is related to i∞ by an Atkin-Lehner involution in Γ g . Next, we use the fact that Z g,1 (T, U ) is invariant (up to a sign) under T-duality along the Euclidean time direction 7
and that it is related to certain 'twisted-twining' indices Z g i ,g j by
Using these dualities repeatedly, the behaviour of Z g,1 (T, U ) as T approaches the different cusps ofĤ/Γ 0 (N ) can be mapped to the limit of some Z g i ,g j (T, U ) as U → ∞ for fixed T . Thus, the Hauptmodul conjecture can be equivalently reformulated as the property that for every Z g i ,g j the limit U → ∞ with fixed T is divergent if and only if it is related to the limit T → ∞, with U fixed, by some duality. It is this version of the Hauptmodul property that has a direct interpretation in our physical setup. One can smoothly interpolate between the two limits T → i∞ and U → i∞ while staying in a low temperature region β 1, corresponding to U 2 , T 2 1. In this regime, the index Z g i ,g j is dominated by the ground state. At large radius R 1, there is a ground state whose contribution to Z g i ,g j is e βR . In the limit, R → ∞, corresponding to T → i∞, this causes Z to diverge. Let us now shrink the radius R, while keeping the temperature low. If the ground state is always the same for any value of the radius, then the Z g i ,g j ∼ e βR is bounded as R → 0, i.e. U → i∞ (see figure 1) . So, the only Figure 1 . The 'phase diagram' for the index Z ≡ Z g i ,g j at fixed T 1 = 0 = U 1 in the U 2 , T 2 plane, in the case of no phase transition. At low temperature (above the hyperbole β = β 0 1), Z is dominated by the ground state. At large radius R, there is always a ground state contributing e βR , which diverges for R → ∞ (i.e. T 2 → ∞, U 2 fixed). If there is no phase transition, then Z ∼ e βR also at small radius R → 0 (T 2 fixed, U 2 → ∞), so that Z must be bounded in this limit.
way the index Z g i ,g j diverges for U → i∞ is that there is some 'phase transition' as the radius R crosses some critical value R crit (see figure 2 ): when R < R crit there is a different ground state whose contribution diverges as R → 0 (a detailed analysis shows that this contribution must be of the form e β R ). When the radius is exactly at the critical value, there are two degenerate ground states. In fact, one can show that the model develops an enhanced SU (2) symmetry at the critical radius, under which the two degenerate states transform as a doublet. This SU (2) symmetry contains in particular T-duality, exchanging deformations of the radius with different signs. This means that the two sides of the critical line are actually equivalent to each other by T-duality and the SU (2) group is the usual enhanced symmetry at the self-dual radius. A more detailed description of this mechanism is given in section 7.
To summarize, we showed that there are two possibilities for the index Z g i ,g j in the limit U → i∞. Either the index is convergent (the case where there is no phase transition), or the index diverges and there is a self-duality relating the U → i∞ limit to the T → i∞ limit. This gives exactly the Hauptmodul property as described above.
T-duality at the critical radius: a VOA interpretation
One of the crucial steps in our physical interpretation of the Hauptmodul property is the appearance of an enhanced SU (2) symmetry containing some Atkin-Lehner T-duality
unbounded unbounded high temperature Figure 2 . The 'phase diagram' for Z ≡ Z g i ,g j in the U 2 , T 2 plane and at fixed T 1 = 0 = U 1 , in the case of a phase transition. At large radius, Z is dominated by the ground state contribution e βR . In order to have a divergence for R → 0 (T 2 fixed, U 2 → ∞), a phase transition must occur: there must be a different state contributing e β R , which becomes dominant below a certain critical value for the radius (the line R = R crit ). On the critical line, there is an enhanced SU (2) symmetry containing T-duality. Therefore, the two regions above and below the critical line are dual to each other.
at some critical value of the circle in the CHL orbifold of V ×V s × S 1 . This T-duality is contained in the group of self-dualities exactly when T g i ,g j diverges as U → i∞. On the other hand, as explained in section 6, an Atkin-Lehner involution (W e , W e ) arises as a T-duality if and only if the orbifold V / g e is isomorphic to V . It is natural to wonder how these different phenomena are related to one each other.
For simplicity, we focus on the case when T g,1 (U ) diverges at U → i∞. In [1] , using methods from string theory, we proved the following: Then, the orbifold CFT V / g is well-defined and is isomorphic to V .
Here, we reformulate the physics argument into a 'sketch of a proof' in the context of vertex operator algebras. To this aim, we will use some results about orbifolds of vertex operator algebras that were recently obtained in [28] and [29] .
Let V g n , n ∈ Z/N Z denote the g n -twisted sector (i.e. the irreducible g n -twisted module) of V . As an ordinary reducible module for the fixed point subVOA (V ) g , it can be decomposed as
are the N 2 inequivalent irreducible modules of (V ) g . Notice that the action of g ∈ Aut(V ) on the twisted sectors is only determined up to multiplication by a non-zero scalar. An unambiguous definition of V n,m requires a choice for such an action. Here, we define
on the g-twisted sector. On a generic g n -twisted sector, g is defined in such a way that the following fusion rules hold
This choice is possible only when the conformal weights of the twisted sectors take values in 1 N Z, which is assured by the assumption (7.1). More precisely, the conformal weight of V n,m is given by
The orbifold VOA V / g is given by the g-invariant twisted and untwisted sectors
The physical idea behind this construction is the following. The CHL orbifold is defined first by tensoring V with a free boson CFT on a circle S 1 of radius R, and then taking an orbifold by (δ, g), where δ is a shift by 1/N a period along S 1 . The resulting theory consists of states carrying momentum m and fractional winding n N in the free boson CFT, tensored with states in V n,m , for all n, m ∈ Z. At the radius R = √ N , 8 the states with m = −n and no right-moving oscillators are purely holomorphic (p R = 0) and form an extended chiral algebra, which is exactly the VOA ⊕ n∈Z/N ZṼ2n,n,−n . By (7.1), the lowest weight vectors in the modules V 1,−1 and V −1,1 have conformal weight 1 − 1 N , while the lowest vectors in W L 2 and W L −2 have weight 1 N . Therefore, the vectors of lowest conformal weight ofṼ 2,1,−1 andṼ −2,−1,1 are currents J ± . Together with the current H inṼ 0,0,0 ∼ = W L × (V ) g , they generate aŝu(2) Kac-Moody algebra. The module ⊕ n,m∈Z/N Z n+m=lṼ n−m,n,m is therefore a module also for thisŝu(2) algebra, with each V n−m,n,m being an eigenspace of H 0 with eigenvalue n − m. The SU (2) group generated by the currents' zero modes contains an element f whose adjoint action on the currents is
In the physical CHL orbifold description, f is simply T-duality along S 1 ; this duality exists for any value of R, and it becomes part of the larger SU (2) group at the self-dual radius R = √ N . The element f acts within eachŝu (2) compatible with fusion. By applying the map f 2 to V = ⊕ m∈Z/N Z V 0,m we obtain an isomorphism with V / g = ⊕ n∈Z/N Z V n,0 .
Outlook
In this paper we give a summary of our new spacetime approach to Monstrous moonshine, first presented in [1] . In addition to providing a gentle introduction to the more extensive work [1] , we present a more detailed physics argument for why our model implies the genus zero property of moonshine, an explicit description of the action of the GKM algebras m g on the space of BPS states, as well as a sketch of a mathematical proof of one of the main steps of our construction using vertex operators. 8 In our normalization, the left-and right-moving momenta are p L = 1 An outstanding question is to better understand how our construction is related to the original BPS-algebra of Harvey and Moore [17, 18] . On the face of it, a central difference appears to be that we realize the space of BPS-states H BP S as a module for the Monster Lie algebra m, while Harvey and Moore showed that there is an algebraic structure on H BP S , itself. However, in [18] they compare the BPS-algebras of type IIA on K3 with heterotic on T 4 on a certain subspace of the Narain moduli space. On the type IIA side, BPS states are realized as differential forms in H * (M(γ)), where M(γ) is the moduli space of (semi-)stable sheaves on K3 in cohomology class H * (K3, Z). For two BPS-states B 1 , B 2 ∈ H * (M(γ)), the product B 1 ⊗ B 2 → B 3 is defined using the so called correspondence conjecture (see [18] ). The type IIA BPS-algebra is then identified with the Nakajima Heisenberg algebra [α I n , α J m ] = n(−1) n η IJ δ m+n,0 ,
where the generators α I n are certain operators on H * (M(γ)) defined by Nakajima, and η IJ is the intersection pairing on H * (K3, Z). The subscript n is related to the charge of the associated BPS-state B. On the heterotic side, the operators α J n are instead realized as certain vertex operators acting on H BP S , and shown to realize a similar Heisenberg algebra. The main point here is that in this particular example, Harvey and Moore find an explicit realization of the BPS-algebra for which the space of BPS-states is a module. This is very similar in spirit to our construction. 10 Given these remarks it would be very interesting to investigate whether there is a type IIA dual version of our Monstrous CHL-model. This would yield a novel connection between Monstrous moonshine and the geometry of K3-surfaces, that could possibly also shed light on the elusive relation between umbral moonshine and K3 [30] [31] [32] [33] [34] [35] [36] [37] [38] .
